We experimentally generate a vortex beam through a fourwave mixing (FWM) process after satisfying the phasematching condition in a rubidium atomic vapor cell with a photonic band gap (PBG) structure. The observed FWM vortex can also be viewed as the reflected part of the launched probe vortex from the PBG. Further, we investigate the propagation behaviors, including the spatial shift and splitting of the probe and FWM vortices in the medium with enhanced Kerr nonlinearity induced by electromagnetically induced transparency. This Letter can be useful for better understanding and manipulating the applications involving the interactions between optical vortices and the medium. Recently, the experimental study of multi-degree-of-freedom entangled state based on fields carrying orbital angular momentum (OAM) has made great progress in an atomic ensemble [1, 2] . Compared to the entangled photons with a single degree of freedom, the photons with multi-degree-of freedom can possess prominent advantages such as higher channel capacity [3] and compatibility with diverse quantum networks [4] . Generally, the experimental easily obtained light beam that carries a well-defined OAM is the Laguerre-Gaussian (LG) mode field, which, considering its helicoidal wavefront, is also viewed as the optical vortex (OV) possessing a singular point (where the intensity of field goes to zero). The OV possesses a spiral phase distribution of expimφ and carries an OAM of mℏ, where m is an integer denoting the azimuthal mode index (topological charge), and φ is the azimuthal coordinate [5] . One commonly used approach for generating OV is by transferring the OAM of one beam to the target beam through light-matter interactions [6, 7] .
, four-wave mixing (FWM) [10] , and parametric downconversion processes [11] . During the interactions between lights and media, the properties of the OV can be unavoidably modulated by the nonlinear effects such as Kerr-type nonlinearity [12] [13] [14] , which can impose effects on the applications taking advantages of the spatial intensity distribution of OV such as entangled states [15] and logical gates for quantum computation [16, 17] .
In this Letter, we demonstrate the propagation properties of an OV generated through a FWM process in a rubidium atomic vapor cell with a photonic band gap (PBG) structure. The OAM of a probe field generated by a spatial light modulator (SLM) is transferred to the FWM signal via the light-atom interaction after satisfying the phase-matching condition (PMC). The PBG structure results from an electromagnetically induced grating established by a standing wave of two counter-propagating coupling fields. The observed FWM vortex corresponding to the cubic nonlinearity can also be viewed as the reflected part of the launched probe vortex from the PBG. Based on the generation of the FWM vortex, we further investigate the propagation characteristics, including the spatial shift and splitting of both probe and FWM vortices in the medium. Such spatial effects reflect the enhanced Kerr nonlinear dispersion properties induced by EIT. This Letter can be effectively conducive to controlling and improving the applications such as OAM-entangled states and quantum logical computation based on the interactions between the OV and the nonlinear medium.
The experimental setup is shown in Fig. 1(a) . A probe field E 1 (wavelength λ 1 780.2 nm, frequency ω 1 , wavevector k 1 , horizontal polarization, Rabi frequency Ω 1 ) and a pair of coupling fields E 2 & E 0 2 connect a three-level Λ-type 85 Rb atomic system [the energy level structure in Fig. 1(b) ], which consists of two hyperfine states F 2j0i and F 3j2i of the ground state 5S 1∕2 and one excited state 5P 3∕2 j1i. The pair of coupling beams E 2 (780.2 nm, ω 2 , k 2 , vertical polarization, Ω 2 ) and E 0 2 (780.2 nm, ω 2 , k 0 2 , vertical polarization, Ω 0 2 ) from the same external cavity diode laser (ECDL2) counter-propagate with each other to generate a standing wave along the transverse x direction and drive the transition j2i↔j1i. The standing wave coupling field can be described as E 2s E 2 cosω 2 t − k 2 x E 0 2 cosω 2 t − k 0 2 x, where E i (I 1, 2 and 2s) represents the amplitude of the electric field of field E i . The probe beam E 1 from another ECDL1
propagates in the same direction as E 0 2 with a degree of θ ≈ 0.3°a nd excites the transition j0i↔j1i. The schematic of the spatial light alignment inside rubidium cell1 is shown in Fig. 1(c) . By carefully arranging the spatial alignment of the laser beams to satisfy the PMC k F k 1 k 2 − k 0 2 , a PBG FWM process can be reflected along the opposite direction (symmetrically with respect to E 0 2 ) of E 1 ; namely, the angle between the generated FWM and E 0 2 is the same as that between E 1 and E 0 2 . The FWM is separated into two parts by a polarization beam splitter (PBS), and one part is detected by an avalanche photo diode (APD2) to show the spectrum in the frequency domain, while the other part is received by a charge coupled device (CCD) camera to show the images. In addition, we use the EIT technique to calibrate the position of the coupling field on the D2 transition line of E 1 by coupling the two beams E 00 1 and E 00 2 (splitting from the aforementioned ECDL1 and ECDL2, respectively) into the second auxiliary Rb cell2 [see the setup in the dashed box in Fig. 1(a) ] to generate a Λ-type EIT window (detected by APD1) for reference.
The horizontal polarization part from ECDL1 is coupled to the microdisplay of a computer-controlled reflective liquid crystal spatial light modulator (SLM, Holoeye, PLUTO phase only) to generate a probe beam with a desired LG mode [see Fig. 1 (e1) detected by the CCD camera]. The phase holograph shown in Fig. 1(d) is added onto the microdisplay of the SLM through the controlling system to generate the probe vortex. With the PMC strictly satisfied and the probe field phase spatially modulated, the vortex FWM signal can be effectively generated, as shown in Fig. 1(e2) .
First, with probe beam E 1 and coupling beam E 0 2 turned on, a EIT window (Δ 1 − Δ 2 0) can be created in cell1 under the Doppler-free condition [8] , when the detuning of two lasers is tuned to near the resonance of transitions j0i↔j1i and j2i↔j1i. Here detuning Δ i ω ij − ω i is the difference between the resonant transition frequency ω ij between levels jii and jji and the laser frequency ω i of E i . As a result, we can obtain the vortex EIT signal from the probe channel when the spiral phase is added onto the probe field. The first-order density matrix element (corresponding to perturbation chain ρ 0 00 ! ω 1 ρ 1 10 ) for the output probe signal is given by ρ turned on simultaneously, a FWM process corresponding to the third-order susceptibility can be effectively produced with the assistance of the EIT window. Based on the time-dependent Schrödinger equation and perturbation theory, the expression of the third-order density matrix element ρ 3 10 (corresponding to the perturbation chain ρ
) is written as ρ
Further, the first-and third-order susceptibilities can be obtained according to the respective relation ϵ 0 χ 1 E N μρ 1 10 and ϵ 0 χ 3 E N μρ 3 10 , where N and ϵ 0 are the atomic density and dielectric constant, respectively.
The standing wave E 2s can periodically modulate the energy level j1i as jΩ 2s i, which can induce a periodical refractive index, as well as susceptibility χ χ 1 χ 3 jE 2 j 2 jE 0 2 j 2 , experienced by the weak probe field [18] . With the presence of the standing wave coupling field, an optically controllable photonic crystal structure for the weak probe field can be constructed under a EIT condition [19] . Thus, the band gap formatted by the photonic crystal in such EIT medium with large anomalous dispersion [20] can lead to the transmission or reflection of light when its frequency is outside or inside the gap. The aforementioned FWM process can be equivalently understood as the reflected part from the photonic crystal. In our previous work [21] , by exploiting the wave-plane expansion method, we obtain the analytical solutions for the probe reflection (R s ) and transmission (T s ) efficiency of the band gap, which describe the generated signal in the perspectives of four-wave mixing with the requirement of the PMC and the probe signal reflected by the PBG structure, respectively. Thus, we interpret the reflected signal in the PBG structure as PBG FWM.
Then the probe laser carrying OAM and the two Gaussianshaped coupling beams intersect at the center of the rubidium cell to generate the FWM with OAM. However, the weak probe and the FWM vortices, particularly their phases, during the propagation through an EIT (induced by the co-propagating E 1 and E 0 2 ) medium can be greatly modified by the strong Kerr nonlinearity [22, 23] . Consequently, the phase information of the output FWM is the combination of the nonlinearityinduced phase shift φ NL and the original OAM.
According to the nonlinear Schrödinger equation that describes the propagations of the probe and FWM vortices [13, 24] , the nonlinear phase shift introduced by the strong field E 2 and E 0 2 is 
where the nonlinear coefficient is defined as n 2 ≈ Reρ 3 10 ∕ ϵ 0 cn 0 ; z is the equivalently propagation distance; k p k F ω 1 n 0 ∕c with n 0 set as the linear refractive index; and ξ is the center coordinate of E 2 in the transverse dimension relative to the center coordinate of E p;F . The transverse propagation wave vector δk ⊥ ∂φ NL z; ξ∕∂ξ describes the spatial characteristics of lights in the transverse dimension. Consequently, the degrees of the spatial effects for the weak lights are determined by the intensities I 2 of the coupling beams, the nonlinear dispersion n 2 , and the propagation distance z. Figure 2 shows the evolution of the probe vortex dressed by the co-propagating coupling field E 0 2 under the EIT condition by modifying Δ 2 with Δ 1 tuned near the resonance of the transition 85 Rb, F 3 → F 0 . When E 1 and E 0 2 are turned on, the EIT window with optical pumping [25] can be obtained considering that the first-order Doppler effect can be effectively suppressed.
With dressing field E 0 2 turned off, the probe vortex after interacting with the atoms is demonstrated in Fig. 2(a) , where the intensity distribution of E 1 looks uniform around the singular point (marked by a cross dashed line). However, the presence of the strong field E 0 2 can dramatically modulate the distribution of the probe vortex. First, when Δ 2 is closer to zero [see Fig. 2(b6) ], the signal can be stronger. This is consistent with the intensity profile of the EIT window and can be understood as the result from the better satisfaction of the EIT condition Δ 1 − Δ 2 0. Second, according to the cross line for reference, we find that the geometrical center of the vortex EIT image can move upper at Δ 2 < 0 [see Figs. 2(b1)-2(b5)] while lower at Δ 2 > 0 compared to the original probe image without dressing. Particularly, the EIT vortex is slightly split along the y direction at Δ 2 10 MHz, and Δ 2 20 MHz. Such a spatial shift and splitting along the y direction can be attributed to the change of the dispersion property [24] . For the case of Δ 2 < 0, the shift of weak E 1 along the positive y direction [Figs. 2(b7)-2(b11)] is caused by the repulsion (n 2 < 0) of the strong coupling field E 0 2 (arranged slightly below the probe beam). For the case of Δ 2 > 0, the strong E 0 2 attracts the weak E 1 and results in its shift along the negative y direction due to n 2 > 0. According to the measured Kerr nonlinear index of refraction n 2 [26] , the strongest n 2 can occur near the resonance Δ 2 0. Such a dramatically enhanced n 2 can provide a suddenly enhanced attraction and lead to the slight split of the probe vortex.
Further, by turning the counter-propagating field E 2 on, the PBG structure can be established inside the cell, and the FWM can be reflected along the symmetrical position of the probe beam with respect to E 0 2 . Figure 3 shows the observed vortex FWM signals by discretely increasing the detuning Δ 2 at Δ 1 0. Considering that the introduction of E 2 can cause stronger optical pumping effect, the intensity distribution of the probe vortex is further modulated, which can impose influence on the generated FWM vortex. On first sight, the intensity of the FWM can be the strongest at the resonance (Δ 1 − Δ 2 0), which is similar to evolution of the probe signal. Further, we can find that the center (zeroamplitude point) of the FWM vortex can be shifted at different Δ 2s . Namely, the observed FWM vortex can become asymmetric with respect to the normal axis. According to the original expression of the LG beam carrying OAM [16] , the singularity of a generated vortex light cannot be shifted during its propagation. A reference cross line is placed at the center of the FWM vortex in Fig. 3(d) , whose intensity distribution is approximately complete and uniform around the vortex core. Considering that the enhanced nonlinearity in the medium can result in the spatial shift of the probe vortex, the alignment of field E 1 and E 2 & E 0 2 can be partially destroyed and the core of the FWM vortex can be moved away from the geometrical center of the FWM image when we change the detuning Δ 2 . This conclusion can be advocated by the FWM vortex (whose core is consistent with its geometrical center) shown in Fig. 3(d) with Δ 2 0, where the nonlinear coefficient is zero [27] . Thus, it is reasonable to conclude that the observed shift of the vortex core arises from the shift of the probe field. Consequently, the evolution of the FWM vortex can be attributed to two aspects: the evolution of the probe vortex can shift the core of FWM vortex, and nonlinear effects from E 2 & E 0 2 can cause the spatial effect of the whole FWM vortex.
The Kerr-type nonlinear effects from the coupling field can be similarly understood through the sign change of the Kerr nonlinear coefficient n 2 when the sign of coupling detuning is altered. Obviously, the FWM vortex can shift along the longitudinal y direction when Δ 2 is tuned. Similar to the evolution of the probe signal, the generated FWM vortex is attracted (repulsed) to the lower (upper) side by the strong E 2 & E 0 2 beams when Δ 2 > 0Δ 2 < 0, which corresponds to n 2 > 0n 2 < 0 [14] . The observations for the case of Δ 2 < 0Δ 2 > 0 are given in Figs. 3(a)-3(c) [Figs. 3(e)-3(h) ]. Here we clarify that based on the incident direction (top right of beam E 2 ) of the probe beam, the reflected PBG FWM can be obtained along the symmetric top left direction with respect to E 0 2 . Figure 4 demonstrates the evolution of the vortex FWM from the PBG structure by discretely modifying the frequency detuning Δ 1 at Δ 2 0. The spectrum curve of the PBG FWM versus Δ 1 is observed as Fig. 4(a) , and it clearly shows that the strongest FWM appears near the resonance where the EIT condition Δ 1 − Δ 2 0 is well satisfied. The intensity evolution of the FWM vortex in Figs. 4(b1)-4(b9) is consistent with the intensity profile in Fig. 4(a) .
To clearly show the spatial evolution of the FWM vortex, we add a cross line at the center of the FWM vortex in Fig. 4 (b5) (with Δ 1 Δ 2 0) to observe the spatial shift of the vortices by varying Δ 1 . On one hand, the shift of the core can be similarly attributed to the nonlinearity-induced spatial misalignment of the probe beam and the coupling beams. On the other hand, the sign of n 2 can change with detuning Δ 1 (n 2 > 0 at Δ 1 < 0, while n 2 < 0 at Δ 1 > 0), which will lead to the switch of the controllable interactions (attraction and repulsion) imposed on the FWM vortices by the strong coupling fields. According to the observations in Figs. 4(b1)-4(b9), the geometrical center of the FWM vortex can be observed below (above) the reference line at Δ 1 < 0 (Δ 1 > 0). Particularly, slight splitting is observed at the points of Δ 1 −10 MHz and −20 MHz, where the nonlinearity is much stronger than Δ 1 −30 MHz and −40 MHz [25] . Here the nonuniform distribution of the vortex FWM comes from several possibilities, including the imperfect alignment of the light fields, the unavoidable strong optical pumping of E 2 and E 0 2 , and the uniform absorption of media due to the undesirably average atomic density.
In summary, we have experimentally demonstrated the generation and propagation of a FWM vortex beam in a rubidium atomic vapor with a PBG structure. By constructing a PBG structure inside the medium with two counter-propagating coupling beams, a FWM process corresponding to third-order nonlinearity can be effectively reflected when we launch a weak probe field carrying OAM to the PBG. As a result, the OAM of the probe field can be transferred to the output FWM signal. Further, we demonstrate the propagation effects, including spatial shift and splitting of the probe and FWM vortices in the medium with enhanced Kerr nonlinearity caused by the atomic coherence. This Letter can contribute to better understanding and controlling of the interactions between the OV and nonlinear medium. 
